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Abstract: Bayesian philosophy and Bayesian statistics have diverged in recent years, because Bayesian philoso-
phers have become more interested in philosophical problems other than the foundations of statistics and
Bayesian statisticians have become less concerned with philosophical foundations. One way in which this
divergence manifests itself is through the use of direct inference principles: Bayesian philosophers routinely
advocate principles that require calibration of degrees of belief to available non-epistemic probabilities, while
Bayesian statisticians rarely invoke such principles. As I explain, however, the standard Bayesian framework
cannot coherently employ direct inference principles. Direct inference requires a shift towards a non-standard
Bayesian framework, which further increases the gap between Bayesian philosophy and Bayesian statistics.
This divergence does not preclude the application of Bayesian philosophical methods to real-world problems.
Data consolidation is a key challenge for present-day systems medicine and other systems sciences. I show that
data consolidation requires direct inference and that the non-standard Bayesian methods outlined here are well
suited to this task.

Keywords: Bayesian networks; Bayesianism; direct inference; formal epistemology; objective Bayesianism; sys-
tems medicine.

Bayesianism is not a homogeneous theory. While Good [1, Chapter 3] counted 46,656 varieties of Bayesian, here I
distinguish two: the Bayesian philosopher and the Bayesian statistician. As I explain in Section 1, their interests
have diverged, and so have their resulting theories. Bayesian philosophers, in particular, see an important role
for explicit, general direct inference principles in Bayesian theory, while Bayesian statisticians do not, by and
large. I draw on recent work on direct inference to argue in Section 2 that this emphasis on direct inference,
although well motivated, is in tension with the standard Bayesian tenet that conditional degrees of belief are
conditional probabilities. Accommodating direct inference requires relaxing this tenet and moving to a slightly
non-standard version of Bayesianism (Section 3). This move increases the divergence between the two Bayesian
approaches. In Section 4, I explain how this non-standard version of Bayesianism can be applied to systems
medicine, which needs to consolidate multiple datasets that only partially overlap in terms of the variables they
measure.

1 Bayesianism from a philosophical perspective

Bayesian probabilities differ from frequencies in two main ways. Firstly, Bayesian probabilities are single-case.
While a limiting relative frequency attaches to a potentially infinite reference class of outcomes, such as rolls
of a specific die, a Bayesian probability attaches to a single outcome, such as the proposition that a particular
roll of a specific die yields a 5. Second, Bayesian probabilities are epistemic. While a frequency is a proportion
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of outcomes that have a certain attribute, a Bayesian probability measures an agent’s rational degree of belief
in a certain proposition.!

We shall use B;(A) to denote the degree to which the agent in question believes A, supposing only E. Here
A might be the proposition that the die’s next roll yields a 5 and E might be some supposition about the die
and the way it is thrown. Under the standard conception of Bayesianism, this conditional belief is a conditional
probability:

CBCP. There is a prior probability function Py such that Bz(A) = P4(A|E) for all A and E.

Here the prior function Py encompasses the agent’s degrees of belief in the absence of E.

When E is the agent’s current evidence, CBCP motivates the principle of Bayesian conditionalisation, which
says that current degrees of belief are obtained by conditionalising on E.

Conditionalisation. On evidence E, believe A to degree B;(A) = Py(A|E).

Thus, all the agent’s degrees of belief are determined by a single prior probability function Py. Subjective
Bayesians holds that any prior is rationally permissible, while objective Bayesians take only certain priors to be
appropriate.

For much of the 20th century, Bayesianism, though a fringe interest, had a common focus. Bayesians,
whether in statistics, philosophy or the sciences, were largely interested in the foundations of statistical infer-
ence, e.g., the foundations of predictive inference and model selection. The rivalry between frequentism and
Bayesianism was fierce, with each claiming to provide more cogent foundations for statistical inference.” The
common focus and common foe gave the Bayesian community a sense of cohesiveness.

Since the 1990s, however, Bayesianism has moved into the mainstream, thanks in no small measure to
advances in computational methods [3]. Being less preoccupied with the fight against frequentism, a divergence
has taken place between Bayesian statistics and Bayesian philosophy. In Bayesian statistics, on the one hand,
there has been a trend towards a pragmatic approach, with statistical methods being chosen on the basis of
their inferential utility rather than their philosophical foundations [4]. This represents a move away from phi-
losophy. In philosophy, on the other hand, Bayesians have taken up different questions, notably the application
of Bayesianism to epistemology [5-7, Chapter 2] and to inductive logic [8—10]. Examples of questions of recent
interest include: Does Bayesianism validate the claim that a greater variety of evidence is more confirmatory,
ceteris paribus [11]? Can Bayesianism accommodate the use of old evidence to provide confirmation [12]? Can
Bayesianism tell us how individual beliefs should be aggregated to form group beliefs [13]? Can Bayesianism
measure how well beliefs cohere with one another [14]? Can Bayesianism accommodate growth in the space of
possibilities under consideration [15]? While the use of Bayesianism to evaluate statistical hypotheses remains
a topic of inquiry, it is now very much a minority interest in philosophy. Most philosophers are interested in
Bayesianism insofar as it provides an account of rational belief.

One key way in which this divergence is manifested is in the use of explicit direct inference principles. The
question arises as to the relationship between rational degrees of belief and non-epistemic probabilities such
as frequencies. For example, how strongly should one believe that a die will yield a 5 or a 6 on the next roll
given just that the limiting relative frequency of 5 or 6 in similar rolls of that particular die is %? Most Bayesian
philosophers would say that one’s degree of belief should be % here: the die is heavily biased in favour of 5 or 6,
and one’s degree of belief should track this bias [7, §2.3]. But there is nothing in the machinery of Bayesianism as
formulated above that picks out this degree of belief as uniquely rational. In order to deem the degree of belief %

1 One point of divergence between Bayesian philosophy and Bayesian statistics surrounds the question whether probabilities attach
to events or propositions. Bayesian philosophers tend to say that Bayesian probabilities attach to propositions, because Bayesian
probabilities are degrees of belief and propositions are the objects of belief. Bayesian statisticians, on the other hand, tend to talk in
terms of events, as that was the usual terminology during the development of the mathematical theory of probability. Not a lot hangs
on this difference in terminology, as talk of events can be translated into talk of propositions (one can consider the proposition that
an event obtains) and talk of propositions can be translated into talk of events (one can consider the event that the proposition is
true, or the event that it is false). Hence I will not dwell further on this aspect of the divergence between Bayesian philosophy and
Bayesian statistics.

2 See Mayo [2] for a frequentist take on the “statistics wars”.
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to be rationally required, one needs to augment standard Bayesianism with an explicit direct inference principle
that forces calibration of rational degrees of belief to available non-epistemic probabilities. One such direct
inference principle is a version of the Principle of the Narrowest Reference Class, which requires calibration to
frequencies in the narrowest reference class from which one has reliable statistics [16]:

PNRC. If X says that the frequency of attribute « in reference class p is x, and A says that attribute « holds
of a particular member c of that reference class, and E is compatible with X and admissible, then Py(A|XE) = x.

For E to be admissible here, it should contain no information about A as pertinent as X—in particular, no
frequency of a in some other reference class that contains ¢ and is as narrow as p.

Another direct inference principle, Lewis’ Principal Principle, calibrates degrees of belief to single-case
chances, rather than frequencies of repeatedly instantiable attributes [17]:3

PP. If X says that the chance of A is x, and E is any proposition that is compatible with X and admissible,
then Py(A|XE) = x.

For instance, given that the chance of the die yielding 5 or 6 on the next roll is % and any other information
that is compatible and admissible, one should believe that the die will yield 5 or 6 on the next roll to degree %

Bayesian philosophers tend to endorse one or other of these two direct inference principles, or some variant
of these principles.* Direct inference is sometimes justified on the grounds that repeated infringements of a
direct inference principle would expose an agent to eventual loss, if she were to bet according to her degrees of
belief [22, §3.3].

Bayesian statisticians, on the other hand, do not tend to endorse an explicit, general direct inference prin-
ciple. This is not to say that Bayesian statisticians deny the rationality of calibrating of Bayesian probabilities
to non-epistemic probabilities. Indeed, in the standard Bayesian framework it will be permissible to do so, and
Bayesian statisticians regularly draw on non-epistemic probabilities when devising a class of models to consider
or when choosing a prior probability function. But they usually do so implicitly and on a case-by-case basis, with-
outrecourse to a general direct inference principle. For Bayesian philosophers, calibration is rationally required,
while for Bayesian statisticians it is merely permissible.

There are several possible explanations for the dearth of explicit direct inference principles in Bayesian
statistics. One is the influence of Bruno de Finetti, a pioneer of subjective Bayesianism, who denied the exis-
tence of the non-epistemic probabilities that are presupposed by direct inference principles [23]. Philosophers,
on the other hand, tend to accept both epistemic and non-epistemic probabilities, perhaps under the influence of
another pioneer of Bayesianism, Frank Ramsey, who accepted frequencies and direct inference [24, p. 501, [25].
A second possible explanation is the rivalry between Bayesianism and frequentism noted above: some Bayesian
statisticians might view calibration to frequencies as too much of a concession to the frequentist. This rivalry
has little current influence on Bayesian philosophers, however, who are usually more interested in rational
belief than statistical methods. A third potential explanation is the fact that there are conditions under which
degrees of belief are guaranteed to converge to frequencies in the long run, and this fact might seem to some
to obviate the need for an explicit direct inference principle. These convergence results tend to be unsatisfy-
ing to philosophers due to their asymptotic nature and the fact that they only hold under certain conditions
[26, Chapter 6]. Arguably, calibration to non-epistemic probabilities is required in the short run, and universally.

3 See Gillies [18, Chapters 5-7] for an introduction to the difference between the frequency interpretation of probability, which
attaches probabilities to an infinite collective of outcomes, such as rolls of a die, and the propensity or chance interpretation, which
attaches probabilities to a single outcome, such as a particular roll of a die.

4 In many other respects, Bayesian philosophers hold very diverse views. For example, they develop Bayesianism in many different
ways and they differ with regard to fundamental questions, such as the relation between degrees of belief and outright beliefs [e.g.,
19-21]. But a common interest in elucidating the relation between evidence and rational degree of belief has led to a surprising level
of unity on the question of direct inference.
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2 A problem for standard Bayesianism

In this Section 1 present a problem for the use of direct inference in a standard Bayesian framework. For further
discussion of this and other problems for direct inference, see Wallmann and Williamson [27]; Wallmann and
Hawthorne [28] and Williamson [29, §4].

Consider a die with colours as well as numbers on its faces—red or black, say. Suppose X is the proposition
that the frequency of obtaining a red outcome in throws of this particular die is % and that R says that the next
throw will yield a red outcome. Suppose the remaining evidence E is compatible with X and admissible and, in
particular, contains no information pertaining to whether the die is biased with respect to number or colour.
Then PNRC would force:

Py(RIXE) = % )

Suppose H is the proposition that the throw yields a high score, i.e., that the numerical outcome of the throw
isa5or a 6. In a Bayesian setting it will at least be rationally permissible to adopt the following degree of belief:

Py(HIXE) = § )

This assignment might be motivated by indifference: two out of six possible outcomes are favourable to
H. Or it might be motivated by considering a wider reference class of throws of dice selected at random and
reasoning that fair dice give frequency % to 5 or 6 and that there are no grounds to suppose dice biased in favour
of 5 or 6 are any more prevalent than dice biased against 5 or 6.

Now suppose one learns that red appears on faces 5 and 6 of the die and only on those two faces, so R and H
have the same truth value, R < H. In the light of this information, the Bayesian formalism requires that R and
H be given the same degree of belief.> Given this, it should at least be rationally permissible that the frequency
information pertaining to R, which warrants degree of belief %, has more of a bearing on one’s degree of belief

in R than the subjective inclination to believe H to degree %:

1

Py4(RIXER < H)) > 5

3

Indeed, PNRCrequires that Py(R|XEQR < H)) = % because X specifies the value % in the narrowest reference
class for which frequency information is available.

The standard Bayesian framework faces a problem, however: Eqs. (1)-(3) are inconsistent, as is shown in
the Appendix to this paper. Thus PNRC cannot coherently be implemented in standard Bayesianism.

This problem is not limited to PNRC—it applies equally to the Principal Principle. If we take X to say that the
chance of Ris % then Eq. (1) is forced by PP. It remains rationally permissible to believe that the roll of the die will
yield a 5 or 6 to degree % (Eq. (2)), and to be influenced more by the chance of R than the subjective inclination
to believe H to degree % on learning that R and H have the same truth value (Eq. (3)). However, Egs. (1)-(3) are
inconsistent. Thus, neither direct inference principle can be properly implemented in the standard Bayesian
framework.

The puzzle surrounding Eqs. (1)—(3) is symptomatic of the more general problem that the standard Bayesian
framework fails to accommodate judgements about strength of evidence. In the case of the Principle of the
Narrowest Reference Class, we need that frequencies in narrower reference classes are stronger determinants of
degrees of belief than frequencies in wider reference classes, but such a requirement conflicts with the standard
Bayesian framework. In the case of the Principal Principle, we need that chances are stronger determinants of
degrees of belief than less informed subjective opinions, but such a requirement also conflicts with the standard
Bayesian framework.

5 For any probability function P such that P(R < H) > 0, P(R|R < H) = P(RH|R <> H) + P(RH|R < H) = PRRH|R < H)+ 0 =
P(RH|R < H) + P(RH|R < H) = P(H|R < H).In the above example, it is clearly rationally permissible that P(R < H) > 0.



DE GRUYTER J. Williamson: Bayesianism from a philosophical perspective & its application to medicine == 5

3 An objective Bayesian resolution

The Bayesian philosopher is in a quandary. On the one hand, direct inference seems to be required for degrees
of belief to count as rational. On the other, even simple direct inferences turn out to lead to inconsistency in the
standard Bayesian framework. This problem motivates a move away from the standard Bayesian framework.
In this Section 1 will describe a version of objective Bayesianism that can coherently accommodate direct infer-
ence while retaining as much as possible of the standard framework. While this move resolves the problem of
Section 2, it does serve to increase the divergence of Bayesian philosophy from Bayesian statistics, which tends
to retain the standard Bayesian framework.

The inconsistency of Section 2 can be diagnosed as follows [see [29]]. Recall from Section 1 that CBCP
requires that there be a probability function Py such that B;(A) = P4(A|E) for all A and E. Although CBCP is a
key component of the standard Bayesian framework, it imposes very strong constraints: every potential degree
of belief needs to be encoded in a single prior probability function Py. The use of direct inference, in the shape
of PNRC or PP together with the requirement that stronger evidence should have more of a bearing on belief
than weaker evidence, imposes many further constraints on this prior function. The problem is that, when taken
together, all these constraints lead to inconsistency.

One of CBCP and direct inference must go. Direct inference is well motivated, philosophers argue. Hence,
the inconsistency tells against CBCP.

Fortunately, there is a natural alternative to CBCP:

CBP. For any E, there is a probability function P, such that Bz(4) = P;(A) for all A.

CBP takes conditional beliefs to be probabilities, but not conditional probabilities. CBP is much less restric-
tive than CBCP as it does not require that each of the functions P, be reducible to a single function Py.

Under this conception of conditional degrees of belief, our two direct inference principles can be formulated
as follows:

PNRC'. If X says that the frequency of attribute « in reference class p is x, and A says that attribute « holds
of a particular member c of that reference class, and E is compatible with X and admissible, then Py;(4) = x.

PP’. If X says that the chance of A is x, and E is any proposition that is compatible with X and admissible,
then Pyp(A) = x.

Now Egs. (1)-(3) become:

Pys(A) = % 4
_1

Pyp(F) = 3 ®)

Pyruep(4) > % (6)

While Egs. (4) and (5) constrain the same probability function, Py, Eq. (6) constrains a different probability
function Py, . ). Thus no inconsistency arises: Eq. (6) cannot conflict with Egs. (4) and (5), which are themselves
mutually consistent.

So far, so good: direct inference can be coherently integrated into this modified Bayesian framework. But by
rejecting CBCP we also lose Bayesian Conditionalisation, which is framed in terms of conditional probabilities
(Section 1). An alternative means of determining B(A) is provided by the Maximum Entropy Principle [30]:

MaxEnt. On evidence E, believe A to degree B:(4) = PE(A), where P; is the probability function, from all
those that satisfy constraints imposed by E, that has maximum entropy, if there is such a maximum.

df
The entropy of a probability function P is defined as H(P)= — Y  coP(w)log P(w). Here Q is taken to be a
finite partition of elementary outcomes, but the approach has also been extended to infinite domains.5

6 Williamson [10] extends this approach to propositions of a first-order predicate language. In such a framework, there are uncount-
ably many elementary outcomes. Others have extended MaxEnt to uncountable domains while remaining within the standard
Bayesian framework. See Jaynes [31], for example.
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One can update degrees of belief simply by reapplying MaxEnt to new evidence. This method typically
gives the same results as Conditionalisation in cases where the new evidence is expressible as a proposition
in the domain [22, 32-34, Chapter 4]. The use of MaxEnt leads to a kind of objective Bayesianism—a version of
Bayesianism in which there are strong constraints on degrees of belief even in the absence of evidence.” MaxEnt
can be justified on the grounds that maximising entropy minimises worst-case expected loss, when the losses
incurred by one’s actions are logarithmic [35]. Logarithmic losses are the natural default choice, in the absence
of any precise information about the losses that might actually be incurred [10, Chapter 9]. Where there is such
information, another loss function, and hence another entropy function, may be more appropriate [36].

Let us recap. We have seen that Bayesian philosophy and Bayesian statistics have diverged. Bayesian statis-
ticians became more pragmatic and less wedded to philosophical foundations. Bayesian philosophers, on the
other hand, became interested in problems other than the foundations of statistical inference, and these prob-
lems led to a prominent role for direct inference. If we follow the latter route to its logical conclusion, we find
a conflict between standard Bayesianism and direct inference, and hence a need to move to a non-standard
Bayesian framework, such as the objective Bayesian approach outlined in this section. This move increases the
gap between Bayesian philosophy and Bayesian statistics.?

We will see next that this kind of divergence is not necessarily a bad thing, because a diversity of approaches
can lead to new solutions to important problems. For example, the objective Bayesian philosophical approach
can lead to new ways of tackling important problems in medicine.

4 Application to medicine

While the evaluation of statistical hypotheses remains an important task, many of the scientific problems we
face today have a different flavour: they are data consolidation tasks. A data consolidation task seeks to produce
coherent models from evidence that is typically both very extensive and very heterogeneous. It is also common
that these tasks are carried out by research projects with multiple goals, and that these different goals require
different kinds of model. Thus these tasks seek to consolidate big data and diverse data by constructing multiple
models. Data consolidation tasks are to be found in systems medicine, for example.

Systems medicine is related to systems biology. Systems biology studies systems of molecules and their
causal interactions within the cell using data-intensive functional genomics techniques such as transcriptomics,
metabolomics and proteomics [38]. Systems medicine applies systems biology to medicine. Systems medicine
has two kinds of goal. In common with systems biology it has a theoretical goal, namely to discover pathophysi-
ological mechanisms [39, 40]. But in common with medicine it also has a practical goal: diagnosis, prognosis and

7 Although MaxEnt was championed by Edwin Jaynes in the context of the standard Bayesian framework [30, 31], it is worth empha-
sising that it is used here in a non-standard Bayesian framework that appeals to CBP rather than CBCP. This is so as to properly
incorporate direct inference into the framework. Jaynes rejected non-epistemic probabilities and hence rejected direct inference.
While this version of objective Bayesianism imposes strong constraints on degrees of belief, it does not require that there is always a
unique rational belief function [22, §9.3.1]. For example, if the evidence is just that a coin is biased in favour of tails, then this evidence
yields the constraint P;(T) > 1/2, where T is the proposition that the next toss of the coin will yield tails. In this case, no probability
function that satisfies this constraint has maximum entropy: the nearer P(T) is to % the greater the entropy of Pp.

8 The gap between objective Bayesian philosophy and objective Bayesian statistics is wider still. This is because the objective
Bayesian approach in statistics deviates from the standard framework in respects other than those considered above. Most notably,
many objective Bayesian statisticians use improper priors—i.e., priors that are not probability functions. In addition, some objective
Bayesian statisticians have abandoned the interpretation of Bayesian priors as degrees of belief, which represents another signifi-
cant departure from standard Bayesianism [37, p. 160]. Thus there is a very large gap between the objective Bayesian philosophical
position described in this section, which requires probability functions and which retains the epistemic interpretation of these func-
tions, and the objective Bayesian approach in statistics, which often does not. See Mayo [2, Chapter 6] for criticisms of the objective
Bayesian approach in statistics and its efforts to inform priors by appeal to frequencies. It is important to emphasise that the above
objective Bayesian philosophical position is not intended to provide a general foundation for statistical inference—it is intended to
provide an account of rational degree of belief.



DE GRUYTER J. Williamson: Bayesianism from a philosophical perspective & its application to medicine == 7

treatment of individuals [41]. Because of this practical goal, systems medicine appeals to high-level clinical and
environmental data in addition to the functional genomics datasets of systems biology.

This wealth of data poses a formidable data consolidation challenge [42, 43]. Large systems medicine
projects often use many datasets to produce models for the purposes of diagnosis and prognosis (these pre-
diction problems require a model of the associations in the data), predicting the effects of interventions (which
requires a causal model) and explanation (which requires a mechanistic model). The relevant datasets typically
overlap little: few variables are measured by more than one dataset. The challenge, then, is to construct a model
that connects all the variables of interest, when no dataset measures them all together.

The data consolidation task can be thought of as a variety of “statistical matching” problem [44]. The
problem is to produce a model that matches the datasets but extrapolates beyond the data to model the domain
as an integrated whole. Consider a data consolidation task which seeks a model for the purposes of predic-
tion (e.g., diagnosis and prognosis). Suppose the consolidation task has n datasets, DS;, ..., DS,, measuring sets
of variables V,, ..., V, respectively, and that these datasets are consistent in the sense that the marginal dis-
tributions Pj, ..., P; determined by the datasets are satisfiable by some joint probability distribution defined

over Vd=fV1U, ..., UV,. Suppose further that each dataset is large enough that one is prepared to use the asso-
ciated data distribution P} as an estimate of the chance distribution on V; in the underlying population. The
data consolidation prediction task requires producing a model of some suitable joint distribution over V that
matches the marginal distributions P}, ..., P;. This joint distribution is then used for the purposes of prediction:
for example, to diagnose the condition that is most probable given a patient’s clinical, genomic and environ-
mental observations; or to prognose the outcome that is most probable given the patient’s condition and other
observations.

From a Bayesian point of view, this is a direct inference problem. There is information about non-epistemic
probabilities, encapsulated in P, ..., P}, and the task is to calibrate degrees of belief to these probabilities and
determine a suitable belief function on V as a whole with which to draw reasonable predictions.

Aswe have seen, direct inference places this problem squarely within the remit of Bayesian philosophy, but
requires a move away from the standard Bayesian framework. The version of objective Bayesianism introduced
in the previous section provides a means to meet the data consolidation challenge: (i) the principles of objective
Bayesianism can be used to determine a probability distribution over all the variables of interest; (ii) one can
then construct a graphical model to represent and reason with this probability distribution, in order to perform
predictive tasks such as diagnosis and prognosis. This approach proceeds as follows.

Firstly, objective Bayesianism can be used to determine a probability distribution over all the variables of
interest. By direct inference, degrees of belief ought to be calibrated to the data distributions: P, = P; for
i=1,...,n, where E is the available evidence, namely the n datasets, Py is the belief function defined over the
entire domain V, and Py,y, is its restriction to the set V; of variables measured by dataset DS;. MaxEnt then
requires that Py = P;, the probability function, from all those that satisfy these constraints imposed by direct
inference, that has maximum entropy, where the entropy is defined on the set € of possible assignments of
values to all the variables in V. These constraints are consistent, closed and convex, and the entropy function is
strictly concave, so there is guaranteed to be a unique entropy maximiser PJE According to objective Bayesianism,
this is the function that one ought to use for prediction tasks such as diagnosis and prognosis.

The second step is to construct a graphical model that can be used to represent and reason with P;- A
Bayesian network is often the model of choice for representing and reasoning with a probability distribution.
This is specified by providing: (i) a directed acyclic graph whose nodes are the variables over which the prob-
ability distribution is defined and which represents the conditional probabilistic independence relationships
satisfied by the distribution, and (ii) the probability distribution of each variable conditional on its parents in the
graph. A Bayesian network that represents the maximum entropy function P; that is recommended by objective
Bayesianism is called an objective Bayesian net or OBN [45].

One can construct an OBN from n consistent datasets using the following procedure [46, 47]. From each
dataset learn the graphical structure of a Markov net that represents the dataset distribution P;. (A Markov
net is similar to a Bayesian net, but utilises an undirected graph instead of a directed acyclic graph to represent
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conditional probabilistic independencies.) Take the union of these undirected graphs to construct an undirected
graph on V. The key theoretical result behind the OBN approach is that this graph is guaranteed to represent the
conditional probabilistic independence structure of the maximum entropy distribution P;. Convert this undi-
rected graph into a directed acyclic graph that represents as many of these independencies as possible; there are
standard ways of performing this conversion. Finally, determine the probability distribution of each variable
conditional on its parents. For those variables for which the variable and its parents are measured by the same
dataset, these probability parameters can be determined directly from the relevant dataset distribution. For the
remaining variables, these conditional probabilities can be found by maximising entropy. Figure 1 presents the
construction of the directed acyclic graph in a schematic way.

For example, Nagl et al. [48] consider a data consolidation task related to breast cancer prognosis. The
problem is to decide how to treat a breast cancer patient: some treatments—particularly chemotherapy—have
very harsh side-effects, and the use of these more aggressive treatments is only warranted where the probability
of recurrence of cancer is high. In this area, there is evidence from clinical datasets, genomic datasets, scientific
papers, experts, and medical informatics systems. Nagl et al. utilised a clinical dataset, two genomic datasets and
a published study. The clinical dataset was the SEER study of 3 million patients in the US from 1975 to 2003, 4731 of
whom were breast cancer patients. The variables of interest were: Age, Tumour size (mm), Grade (1-3), HR Sta-
tus (Oestrogen/Progesterone receptors), Lymph Node Tumours, Surgery, Radiotherapy, Survival (months), Status
(alive/dead) (see Table 1). Two genomic datasets (Tables 2 and 3) were derived from the Progenetix database.
The published study [49] provided information about the link between the variables HR_status and 22q12. The
directed acyclic graph of the resulting objective Bayesian net is depicted in Figure 2.

Dataset 1: Dataset 2:

Jill
Keith
Linda

Jim
Kirsty
Lionel

RS NEN N
Dox % x|
D% N %x|Q
NN~

IR NE SN KoY
HE NN

Markov net structure 1: Markov net structure 2:
O—@O—@ P

The union of these structures:

®

O—0—

J

OBN structure:

Figure 1: Constructing the structure of an objective

®

/ Bayesian net from consistent datasets: first learn a Markov
@_>_>@ net structure from each dataset, then take their union and
\ orient the edges to preserve as many of the independencies

@ as possible.

Table 1: Depiction of the clinical dataset used by Nagl et al. [48].

Age Tsize Grade HR LN Surgery Radiotherapy Survival Status

70-74 22 2 1 1 1 1 37 1
45-49 8 1 1 0 2 1 41 1
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Table 2: One genomic dataset of 502 cases from the Progenetix database.

1p31 1p32 1p34 2q32 3q26 4q35 5q14 7p11 8q23 20p13 Xp11 Xq13
0 0 0 1 -1 0 0 1 0 0 0 -1
0 0 1 1 0 0 0 -1 -1 0 0 0

Table 3: A further genomic dataset (119 cases with clinical annotation) from the Progenetix database.

Lymph nodes 1922 1925 1932 1942 7936 8p21 8p23 8q13 8q21 8q24
0 1 1 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

HR_Status [¥

540 0

22012 [X)
55.06 -1
3752 0
7421

1913 X
2211 -1
6267 0 16422 [
15221 7075 -1
2456 0

0913 [X) 469 1

an

13.49 1 Figure 2: The graphical structure of the OBN produced by

Nagl et al. [48].

We see, then, that although the non-standard version of objective Bayesianism of Section 3 is not intended
to provide general foundations for statistical inference, it can nevertheless be applied to the data consolidation
task, which is arguably one of the central challenges of our time and the key challenge for systems medicine.
Arguably, this sort of approach is exactly the right way to solve a data consolidation prediction problem, for the
following reasons. Prediction requires probabilities defined over the domain V as a whole. These probabilities
cannot be thought of as estimates of non-epistemic probabilities, because the data is simply too sparse to have
any confidence that such estimates would be accurate. Hence they must be interpreted as Bayesian probabilities:
rational degrees of belief to be used as a basis for action. Moreover, the data consolidation prediction task is a
statistical matching problem, and statistical matching requires direct inference.

Note that a standard Bayesian approach without direct inference would proceed by setting some prior Py
on V and updating it on every record in every dataset and on frequencies reported in the relevant research
literature. The behaviour of that sort of approach depends crucially on the choice of prior and the framework
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cannot guarantee short-run calibration to the relevant non-epistemic probabilities, i.e., it cannot ensure that
the updated probability function matches the dataset distributions P}. In order to guarantee such a match, we
would need an explicit, general direct inference principle, but then the problem of Section 2 arises: the stan-
dard Bayesian approach cannot coherently incorporate direct inference.’ The non-standard objective Bayesian
approach can, on the other hand. This is why it is well suited to such problems.

5 Conclusions

Philosophers are rightly keen to incorporate direct inference into Bayesian theory: we regularly calibrate our
degrees of belief to non-epistemic probabilities, where we have reliable estimates of these probabilities, and we
judge failures to do so as irrational. Systems medicine provides a good example of the need for direct inference:
the whole approach is predicated on the idea that we should defer to the data, and—at least where the data
distributions provide consistent and reliable estimates of the underlying population frequencies—to the data
distributions.

I have argued that a proper treatment of direct inference requires a move away from the standard Bayesian
framework that is common in statistics. This move is not a seismic shift, however: degrees of belief are still
probabilities in the modified framework, and its version of updating generalises Bayesian conditionalisation,
even if conditional probabilities are no longer central to the revised approach.

The proposed approach is firmly in the objective Bayesian camp. Now, objective Bayesianism has been
roundly criticised for failing to produce parameterisation-invariant priors on continuous spaces [see, e.g., 54,
Chapter 9]. This criticism poses an important challenge to the application of objective Bayesianism to statistical
parameter estimation, where the parameters in question are often continuous and where the problem formula-
tion often underdetermines the parameterisation. It is much less of a concern for objective Bayesianism as used
in philosophy, which tends to consider probability defined on a finite, indivisible partition Q of possible worlds,
or defined on a logical language—typically a propositional or first-order predicate language. On such spaces
the uniform distribution emerges as the canonical probability function that is warranted in the total absence of
evidence, and there is an important sense in which inferences are language invariant [10].

That a divide has opened up between Bayesian philosophy and Bayesian statistics is not in itself a problem.
Different horses suit different courses. The divergence may even prove advantageous where the two approaches
can provide complementary perspectives on new problems that arise.!® As we have seen, Bayesian philosophy
and Bayesian statistics provide very different approaches to the data consolidation task, although this task is
arguably a problem most naturally suited to Bayesian philosophy.

Acknowledgments: I am very grateful to Deborah Mayo, Michael Wilde and the anonymous referees for helpful
comments and discussion.

Author contributions: All the authors have accepted responsibility for the entire content of this submitted
manuscript and approved submission.

9 See Endres and Augustin [50] for an approach within the standard Bayesian framework that uses direct inference in the form of
statistical matching. The use of “probability matching priors” has also been advocated in order to ensure a sort of direct inference
[see, e.g., 51, 52]. These approaches are not immune to the problem of Section 2. The irony is that in the standard Bayesian framework
one ought to believe that one is well calibrated to frequencies or chances [53], but, as we saw in Section 2, attempts to be well calibrated
can lead to inconsistency.

10 For another example in the medical setting, consider the assessment of safety of medicines, where Price et al. [55] pursue an
approach based on Bayesian statistics and De Pretis et al. [56, 57] develop an approach based on Bayesian philosophy. The use of
complementary approaches can be thought of as a form of pluralism. Chang [58, Chapter 5], for one, argues for pluralism in science;
see Ludwig and Ruphy [59] for a survey. Gillies and Zheng [60] show how two fields can benefit when they dynamically interact with
one another.



DE GRUYTER J. Williamson: Bayesianism from a philosophical perspective & its application to medicine == 11

Research funding: This research was supported by funding from the Leverhulme Trust (grants RPG-2022-336
and RPG-2019-059) and the Deutsche Forschungsgemeinschaft (DFG, grant LA 4093/3-1).
Conflict of interest statement: The authors declare no conflicts of interest regarding this article.

Appendix

Here we see that Egs. (1)-(3) are inconsistent [54, §3.1].

Suppose Egs. (1) and (2) hold, so P(R|XE) = % and P(H|XE) = % where P = Py. Suppose further that Eq. (3)

holds. This presupposes that P(R|XE(R < H)) is well defined, i.e., P(XE(R < H)) > 0.

By Bayes’ theorem,

P(R < H|RXE)P(R|XE)
P(R < H|XE)
_ P(RH vV RH|RXE)P(R|XE)
- P(RH V RH|XE)
_ (P(RH|RXE) + P(RH|RXE))P(R|XE)
B P(RH|XE) + P(RH|XE)
_ P(H|RXE)P(R|XE)
" P(RH|XE) + P(RH|XE)
_ P(RH|XE)
"~ P(RH|XE) + P(RH|XE)
1

2

P(R|XERR < H)) =

which contradicts Eq. (3). The last identity holds because P(RH|XE) + P(RH|XE) = P(H|XE) = % = P(R|XE) =
P(RH|XE) + P(RH|XE) and hence P(RH|XE) = P(RH|XE).
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